A procedure is presented to obtain finite temperature excitations of the XYZ spin chain.
We start with the one-dimensional anisotropic Heisenberg Hamiltonian (1.1) with a periodic boundary condition. Here S/J. is the f-L component of the spin operator for site i. Many authors have applied the Bethe Ansatzi) formalism to construct the eigenvectors and to determine the energy spectrum of the spin chain. The most comprehensive formulation has been given by Baxter 2 ) for the XYZ spin chain (1.1) . The energy spectrum is obtained from the solutions of a set of transcendental equations, which correspond to the periodic boundary condition in the Bethe Ansatz formalism.
The pioneering work by Yang and Yang 3 ) has made it possible to treat finite temperature problems of one-dimensional quantum systems. They have introduced the variational method to obtain the free energy of the one-dimensional Bose gas with repulsive delta function interaction. This method has been applied by Gaudin 4 ) to obtain the thermodynamic properties of the Ising-like XXZ spin chain (i_e., Jx= Jy and IJxl< IIzI>. Takahashi and Suzuki (TS)5) have been successful in treating the thermodynamics of the XY-like XXZ spin chain (i.e., Jx= Jy and IJxl >lJzl) and further the XYZ spin chain. Free energy and low temperature specific heat have been given by solving a set of coupled nonlinear integral equations.
On the other hand it is necessary to calculate the excitation energy spectrum, if one wishes to obtain correlation functions. Johnson, Krinsky and McCoy6) have calculated the low-lying excitation energies of the XYZ hamiltonian at the ground state. Yang and Yang 3 ) have obtained a formalism to obtain elementary excitations at a finite temperature. Finite temperature dispersion curves have been given by Johnson7) for the Ising-like XXZ spin chain.
The purpose of this paper is to obtain the dispersion curves of the XYZ model as a starting point of the investigation of correlation functions. There are several one-dimensional quantum systems, which are proposed to be equivalent to the XYZ model in some limiting cases. Massive Thirring modeI 8 ).9) and quantum sine-Gordon systemIO),II) are examples. The XYZ spin chain is also useful to investigate these systems.
In § 2 we briefly summarize the analysis of TS for the X YZ spin chain. In § 3 we present a formalism to obtain a finite-temperature dispersion curves of the XYZ model. Numerical results are given in § 4 in several cases. In particular our calculation contains the region IJxl > IJyl ~ IJzl in which the equivalence to the massive Thirring model and the quantum sine-Gordon system is expected. Section 5 is devoted to some discussion. § The parameters {Xi} correspond to quasi-momenta in the Bethe Ansatz formalism, and Eq. (2·2) expresses a periodic boundary condition. In the X YZ model, Baxter has shown that the parameters {Xi} should also satisfy the sum rule
where v' is a certain integer.
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In the thermodynamic limit N --> =, a solution Xl, "', XN/2 of Eq. are grouped into various lengths of strings. A string is characterized by a common real abscissa, an order n and a parity v. A string of order n has n particles given by X;.-t'=Xa n +(n+1-2k)i, k=l, 2, "', n for +parity and for -parity, (2) (3) (4) (5) where Xa n is the common real abscissa. This assumption has been rigorously proved in the case of XY-like XXZ spin chain.
12 )
The condition (2) (3) (4) (5) (6) turned out to be the normalizability condition for the wave function and further this condition is expected to be reasonable for the XYZ model. The logarithm of has the form a=l, "', Mj, (2) (3) (4) (5) (6) (7) (8) where Mj is the number of bound states of order nj. Functions tj and f)jk are defined as follows: In the thermodynamic limit, we introduce distribution functions pAx) and pjh(X) of particles and holes of bound states of order nj at a common real abscissa x. Integral equations for the distribution functions are derived from the derivative of Eq. (2-3):
where r(j) is defined by where A==]zJ[S-l sn(2s, l). With the minimization of the free energy, we obtain a set of nonlinear integral equations from (2-10) as 00 In M. lmada
J=-OO
for j= mi-1 § 3_ Elementary excitations at a finite temperature 
N ow we will derive expressions for the energy and the momentum change by
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the addition (removal) of a string to (from) the thermal equilibrium state. (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) the energy change has the form From Using Eqs. (3) (4) (5) (6) , (3) (4) (5) (6) (7) (8) , (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) and the identity
Eq. (3) (4) (5) (6) (7) (8) (9) is rewritten in the form
On the other hand momentum change is given by
With the use of Eq. (2-9), Eq. (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) is transformed into (3-9) (3-10)
In Eq. (3-13), n(x)=pj(x)+pjh(x) is determined from the relation
(3-14)
Equation (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) is proved in Appendix A. A real elementary excitation is not given by an addition or a removal of only one particle, because total number of particles should always be N/2 in the XYZ model. A real elementary excitation is reached by moving a number of particles to new positions. When ml(k) strings of the order k (k= 1,2, ... ) move from the set of the equilibrium positions {Xpk} to new ones {xn of m2( l) strings of the order ! (l = 1, 2, ... ), the energy and the momentum change is given by a superposition of Eqs. (3) (4) (5) (6) (7) (8) (9) (10) (11) and (3-l3) , that is (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) and Downloaded from https://academic.oup.com/ptp/article-abstract/68/1/116/1881391 by guest on 20 January 2019 Here ~k~lml(k)k=~l~lm2(l)1 should be satisfied SInce the total number of particles added is the same as those removed.
It is worth while noting that the sum rule (2) (3) should be satisfied for each eigenstate. In the thermal equilibrium state, the distribution function pAx) and p/(x) obviously have a symmetric property Pj(x) = pj( ~ x) and pjh(X) =pjh(~X). Therefore Eq. (2) (3) is automatically satisfied for the solution of (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) . We can express the sum rule (2) (3) for the elementary excitation as (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) where the notations are the same as in (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) and (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) . In Eq. (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) , pAx) is determined from pj(x)=rj(x)/(1+7JAx)) by the use of Eq. (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) and the solution of Eq. (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) . While Xj(x) is obtained from the solution of Eq. (3) (4) (5) . Equation (3) (4) (5) is equivalent to the following set of equations and
for j= mi~l, (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) M.lmada
for j=mi-l
Equation (3°18) is derived in Appendix B. § 4o N umerieal results
A dispersion curve is obtained for an elementary excitation at temperature T in the following way: i) The thermal equilibrium state is determined from the solution of the coupled nonlinear integral equation (2 0 13). ii) An elementary excitation is reached by moving a number of particles to new positions. We determine the new positions so that the sum rule (3°17) is satisfied. In Eq. (3°17) Xj is obtained from the solutions of (3°18). iii) Energy and momentum change caused by the excitation is calculated from (3°11) and (3 0l3). A certain integer !j is taken to be zero.
Numerical results are checked with those obtained previously in some limits: In the limit T->O, excitation spectrum is reduced to those obtained by Johnson, Krinsky and McCoy.6) In the case of Ising-like XXZ spin system, dispersion curves agree well with those obtained by Johnson.
)
In this paper we will report mainly for the region and IJxl< IJzl. term comparison of the perturbation series calculation. Therefore there is ,also a possibility to obtain a useful information for the quantum sine-Gordon equation.
We investigate two types of excitations as follows. 1) Figure 1 shows finite temperature dispersion curves for the ferromagnetic chain with Po=5 and l=0.3, These parameters correspond to Jx/Jz=0.984, Jy/Jz = 0.80 and Jz > O. In Fig. 1 , excitation is created by moving one particle from a string of order n5( = 1) and parity V5( = -1) to a string of order nl( = 1) and parity Vl( = 1). The string of order n5 has only one particle and locates at x + Poi, where x is real. While the string of order nl has also one particle located on the real axis. This type of excitation corresponds to an n = 1 "bound state" excitation,*) The temperature dependence of the gap Ll is given in Fig. 2 . At a low temperature, the gap is almost constant and is proportional to T at a higher temperature.
We also obtain l dependence of the gap at T=O in Fig. 3 . For l~l, the gap Ll is given by
at T=O.**) The massive Thirring model is related to the XYZ model in this scaling region. B) Figure 4 shows that the scaling behavior (4·2) is satisfied even at l = 0.3. Therefore we can expect a behavior similar to Figs. 1 and 2 for the bound state excitation of the massive Thirring model. In quantum sine-Gordon system, this type of excitation corresponds to the quantized soliton-antisoliton bound state. and Iz/Jx=0.80), while Ix is negative. Figure 4 is obtained from an excitation, which moves an nl-string to an ns-string. This type of excitation is a component of "free state".S) "Free state" excitation is known to have a two-parameter dispersion,S) and thus give the spin wave continuum. Figure 4 corresponds to the lower boundary of the continuum. The temperature dependence is shown in Fig.  5 for the gap, which turns out to be a monotonical decreasing function of T. 
Finite Temperature Excitations of the XYZ Spin Chain
In the antiferromagnetic case the gap is approximated by L1 ~27r sin 2S (~)lC/21; t
4.

(4·3)
for the free state excitation at T=O. Figure 5 shows that (4·3) is satisfied at l=0.3. § 5. Summary and discussion
A method is presented to investigate finite temperature excitation of the onedimensional XYZ spin system. In particular, two cases of excitations have been studied: 1) a bound state excitation of the ferromagnetic case and 2) a free state excitation of the antiferromagnetic case. In both cases parameters are taken to satisfy IJy-Jzl~IJzl and IJxl<IJzl, in which an equivalence is expected to the massive Thirring model. Temperature dependences of the gaps are shown in Fig. 2 for case 1) and in Fig. 5 for case 2) .
It should be noted, however, that these temperature dependences do not simply correspond to the thermal renormalization of an elementary excitation. Correlation functions are not determined only from excitations of type 1) or type 2) at a finite temperature. The dynamic structure factor is expected to have a width composed of a dense distribution of the excitation energy. Nevertheless a starting point for the dynamic correlation functions is presented by the study of finite temperature excitations.
